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Abstract. Neutron transition densities for the 2+–8+ levels in 90Zr were extracted in the process of ana-
lyzing (p, p′) scattering at 400MeV. They were compared with the calculated neutron transition densities
and with the experimental proton transition densities. Radial distributions of the experimental neutron
and proton transition densities for each state were found to be different.

PACS. 25.40.Ep Inelastic proton scattering – 21.10.-k Properties of nuclei; nuclear energy levels

1 Introduction

The nuclear structure of the 2+–8+ multiplet of levels of
90Zr can be described by a simple configuration in the
framework of the shell model [1]. In this paper it was
demonstrated that the levels position of this nucleus can
be reproduced by taking into account proton shells only.
The g-factor measured for the 2+1 level is also consistent
with a dominant g9/2 proton configuration and a closed
N = 50 neutron shell [2]. At the same time the measured
B(EL) and charged transition densities for the multiplet
of levels point to a considerable core polarization admix-
ture to them. The analysis of inelastic proton scattering
with the excitation of these levels can give information
about the neutron shell contribution. It has been analyzed
in various publications (see [3–5] and references therein
for earlier papers). In these works, the authors tried to
describe experimental data by the shell model procedure
with a limited basis size or by the collective model of
inelastic excitation. The lack of the necessary transition
strength in the microscopic calculations based on a sim-
ple (π1g9/2)

2 configuration made them introduce enhance-
ment factors needed to adjust the calculated cross-sections
to experimental ones.
In the present paper, we employ a semi-microscopic

approach in which only the matter component of transi-
tion densities is used to describe the cross-section and an-
alyzing power of inelastic scattering. Earlier [6–8] it was
demonstrated that this approach was adequate for the de-
scription of inelastic scattering at medium and interme-
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diate energies for low-lying states with a large admixture
of a core polarization component in their nuclear wave
functions. Since the proton transition density can be de-
termined independently in an electron scattering experi-
ment, proton scattering can be used to obtain the second
component of the matter density —the experimental neu-
tron transition density. Our analysis is based on the em-
pirical effective interaction of Kelly [9]. The Kelly forces
were tested in the analysis of inelastic proton scattering
by nuclei with N = Z. In this case the neutron transition
densities extracted in the description of experimental ob-
servables coincide within errors with the proton transition
density [7]. In this paper, we use the experimental data
of [5] to deduce these important characteristics of nuclear
excitation for the multiplet of the 2+1 , 4

+
1 , 6

+
1 , 8

+
1 levels in

90Zr. Earlier a slightly similar procedure was undertaken
to deduce the model-dependent neutron transition den-
sity. It was done for the first member of this multiplet only
(2+). The result will be examined in our paper further on.

2 Calculation scheme

In our study of proton scattering, we have used the cal-
culation scheme provided by the linear expansion analysis
(LEA) code from Kelly [10]. Our calculations have been
performed in the DWIA framework. The same density-
dependent empirical interaction developed by J.J. Kelly et
al. is used in the calculations of the optical potential and
transition potential for inelastic scattering in the folding
model formalism. The density dependence of the isoscalar
part of the t-matrix was parametrized in the following
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Fig. 1. Elastic cross-section and analyzing power for proton
scattering from 90Zr at 400MeV. The circles are the data from
ref. [5]. The curves are microscopical folding model calcula-
tions.

form:

Re tC(q, κ) = S1Re t
C(q, 0) + b1κ

3
[

1 + (q/µ1)
2
]

−1
,

Im tC(q, κ) =
(

S2 − d2κ
2
)

Im tC(q, 0),

Re τLS(q, κ) = S3Re τ
LS(q, 0) + b3κ

3
[

1 + (q/µ3)
2
]

−2
,

Im τLS(q, κ) = S4 Im τLS(q, 0) + b4κ
3
[

1 + (q/µ4)
2
]

−2
,

where κ = kF/1.33. The parameters S1, b1, S2, d2, S3,
b3 were obtained in an adequate description of inelastic
scattering from different nuclei. The density dependence
of Im τLS reproduces one of the Ray effective interactions:
S4 = 1.0, b4 = −1.92MeV fm

5 [11,12]. The mass param-
eters have the values µ1 = 2.0 fm

−1, µ3 = 6.0 fm
−1 and

µ4 = 1.0 fm−1. As a density-independent interaction in
the evaluation of these equations, we use the Franey-Love
t-matrix [13]. We did not take into account the density
dependence of the isovector part of the interaction in this
work. As a first approximation, this is justified by the fact
that the isovector part of free NN t-matrix at this energy
is more than four times smaller than the isoscalar one [14].
The parameters of the effective interaction used in this pa-
per are presented in table 1. They were obtained in the
description of proton inelastic scattering from 16O and
40Ca [12,15] at 318MeV. These potentials are folded with
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Fig. 2. Inelastic cross-sections and analyzing power for proton
scattering from 90Zr at 400MeV for the 3−1 level. The circles
are the data from refs. [16,17]. The curves are microscopical
folding model calculations.

Table 1. Parameters of empirical effective interaction of
Kelly [12,15].

S1 b1 S2 d2 S3 b3
(MeV fm3) (MeV fm5)

1.070 142.2 1.001 −0.042 0.781 5.88

the nucleon densities of the ground state [18] and with the
transition densities of the excited states, respectively. We
employ a zero-range approximation for the exchange and
use the local density approximation based upon the den-
sity at the projectile position in the analysis of a 400MeV
proton scattering experiment.
The analysis of inelastic scattering with the excitation

of the 3−1 level serves for us as an additional test of the
NN forces we used. We consider this excitation as pure
isoscalar (neutron transition density has been taken to be
equal to proton transition density). This excitation is col-
lective in nature (B(E3) = 26 ± 3 W.u.). That is why
for its description we can use the QRPA theory. The cal-
culations performed within the framework of this theory
confirm the isoscalar nature of this excitation [19]. The
point-proton density for the 3−1 level obtained in inelas-
tic electron scattering [20] was taken from the work [21].
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Fig. 3. Differential inelastic cross-section and analyzing power
for proton inelastic scattering to the 2+

1 state in 90Zr at
400MeV. The circles are the data from refs. [5,17]. The curves
are microscopical folding model calculations. The dashed
curves: isoscalar option for transition densities; the full curves:
empirical fitted neutron transition density.

Calculations were performed in folding formalism in the
same manner as for the 2+1 –8

+
1 levels. The comparison of

the calculated cross-sections of the elastic and inelastic 3−1
exitation and their analyzing powers with the experimen-
tal data is presented in figs. 1, 2. The overall agreement
is satisfactory. Therefore, we can be confident of the ade-
quate use of the NN t-matrix interaction and folding pro-
cedure at the given energy. For the description of inelastic
excitations only matter transition densities are used in
the folding procedure to obtain scattering potentials. The
proton transition densities have been obtained by unfold-
ing the proton charge densities from the charge transition
densities extracted in inelastic electron scattering [20]. Ac-
cording to [10], neutron transition densities ρn

tr for the
transition of multipolarity L have been parametrized us-
ing the Laguerre-Gaussian expansion (LGE)

ρn
tr,L(r) =

∑

ν

aνx
Le−x

2

Lk
ν

(

2x2
)

, (1)

where k = L + 1
2 and x = r/b. The fitting procedure is

similar to that employed in [22] for the 88Sr nucleus. The
oscillator parameter b has been set to 2.2 fm. Lk

ν is a gen-
eralized Laguerre polynomial of order ν. The unknown
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Fig. 4. Inelastic cross-sections and analyzing power for proton
scattering from 90Zr at 400MeV. The 4+

1 level. The circles
are the data from refs. [5,17]. The curves are microscopical
folding model calculations. The dashed curves: isoscalar option
for transition densities; the full curves: empirical fitted neutron
transition density.

coefficients aν have been obtained by fitting the calcu-
lated differential cross-sections for the nuclear levels in
question to the experimental data of [5,17]. The analysis
includes a high-q bias and an estimate of the incomplete-
ness error that results from the limitation of the data to
the finite momentum transfer. A tail bias is used to damp
unphysical oscillations of the density for r ≥ rm, where
it is assumed that ρ ∝ e−dr is beyond the match radius
rm = 6.5 fm. The parameter d is adjusted to the fitted
density at the match radius rm.

3 Results of culculations

The fits to the cross-section and analyzing power data are
displayed in figs. 3, 4, 5, 6. The LGE expansion coefficients
for the neutron transition densities in question are tab-
ulated in table 2. The fitted neutron transition densities
presented in fig. 7 are compared with the proton transition
densities for the same levels. In figs. 3, 4, 5, 6 the dashed
curve also represents the calculated cross-sections and the
analyzing power in the approximation of a pure-isoscalar
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Fig. 5. Inelastic cross-sections and analyzing power for proton
scattering from 90Zr at 400MeV. The 6+

1 level. The circles
are the data from refs. [5,17]. The curves are microscopical
folding model calculations. The dashed curves: isoscalar option
for transition densities; the full curves: empirical fitted neutron
transition density.

Table 2. Neutron transition densities expansion coefficients
aν for 90Zr expressed in units fm−3.

ν 2+
1 4+

1

1 (−3.46± 1.59)× 10−3 (3.25± 0.61)× 10−3

2 (−9.32± 0.65)× 10−3 (−2.50± 0.19)× 10−3

3 (8.02± 0.27)× 10−3 (7.82± 0.69)× 10−4

4 (−3.02± 1.33)× 10−4 (1.39± 0.24)× 10−4

5 (−3.66± 0.58)× 10−4 (−1.92± 0.93)× 10−5

6 (−1.48± 1.95)× 10−5 (−8.15± 1.80)× 10−6

ν 6+
1 8+

1

1 (9.45± 0.61)× 10−4 (1.27± 0.09)× 10−4

2 (−1.36± 0.17)× 10−4 (6.90± 3.68)× 10−6

3 (9.01± 4.14)× 10−6 (6.12± 1.37)× 10−6

4 (3.27± 2.37)× 10−6 (7.78± 2.61)× 10−7

5 (−1.64± 0.70)× 10−6 (1.35± 1.00)× 10−7

6 (−1.53± 0.19)× 10−6 (−1.98± 0.40)× 10−7

character of the excitations. It can be seen there from the
comparison with the experiment that this approximation
is unacceptable.
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Fig. 6. Inelastic cross-sections and analyzing power for proton
scattering from 90Zr at 400MeV. The 8+

1 level. The circles
are the data from refs. [5,17]. The curves are microscopical
folding model calculations. The dashed curves: isoscalar option
for transition densities; the full curves: empirical fitted neutron
transition density; the dotted curves: scaled proton transition
density.

The transition strength is customarily characterised by
the moment

Mλ =

∫

drrL+2ρλL(r), (2)

where λ = (p,n) for protons and neutrons, respectively,
and ρλL(r) is the radial dependence of the corresponding
transition density. We use the following normalization of
the proton transition density:

B(EL) ↑= (2L+ 1)M2
p , (3)

where B(EL) ↑ is the reduced electromagnetic transition
probability for the level of multipolarity L. The values
of the transition matrix elements ratio Mn/Mp can serve
as an integral measure of the neutron shells contribution
to the inelastic transitions in question. The Mλ value is
highly sensitive to the tail bias of the radial density dis-
tribution. The latter, in its turn, is determined by small-
momentum-transfer experimental data for the transition
analyzed. Unfortunately, there is a lack of such data for the
6+ and especially for the 8+ states [5,17]. Therefore, the
extracted neutron transition densities may be inaccurate
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Fig. 7. The experimental neutron transition densities for the 2+
1 , 4

+
1 , 6

+
1 , 8

+
1 states (bands) are compared with point-proton

transition densities (solid curve) unfolded from the (e, e′) results [20]. In the 2+ part of the figure the contribution of the
1g9/2-2d5/2 configuration only from work [23] is shown by the dashed curve. In the 4+ part of the figure QRPA neutron
transition density from [19] for the 4+

1 state is presented (dotted curve). In the 8+ part of the figure neutron transition density
having proton radial form is shown by the dotted curve.

Table 3. Neutron to proton transition strenghts ratio for 90Zr
low-lying states.

Level E B(EL) ↑ Mn/Mp
(a) Mn/Mp

(b)

Jπ (MeV) (e2bL)

2+
1 2.19 0.0656 0.66(4) 1.12(4)

3−1 2.75 0.0761 1.0 1.06(5)
4+
1 3.08 0.00321 0.84(5) 0.78(12)

6+
1 3.45 0.000231 0.62(4) 0.63

8+
1 3.59 2.0× 10−5 1.58(16) 0.56

(a) Present paper.

(b) Dates from the work of Gazally et al. [3].

for high multipolarities. The obtained results Mn/Mp for
multipolarity L are presented in table 3.

The surface lobes in the extracted neutron transition
densities for the 2+–6+ states are lower in absolute value
than those in the proton densities. That is why the ra-
tio of the transition strengths Mn/Mp is smaller than a
value of 1.0 (see table 3). A shifting of the surface lobes
is observed for the 8+ level. It also has a smaller ampli-
tude than the proton one but by contrast with the 6+1
level it has additional structure. It is the tail of the ex-
perimental transition density that leads to a relatively

large value of the Mn/Mp ratio in table 3 for this level. If
we take the neutron transition density to have the same
form as the proton one and adjust its amplitude to repro-
duce differential-cross-section normalization, we get poor
agreement at large angles (see fig. 6, scaled proton transi-
tion density). Probably in this case the multistep reaction
mechanism is important [19].

The proton transition densities for the 2+-to-8+ multi-
plet arise from the same dominant configuration, and thus
the shape of all these densities is determined likewise by
the shape of the radial wave function. The deficiency ex-
hibited by the transition densities of the microscopic shell
model calculation (valence protons) is often remedied by
the coherent addition of a phenomenological core vibra-
tion amplitude (see, e.g., [3,5]). It follows from Brown
and Madsen [24] that the core polarization model that
takes into account high-lying giant quadrupole excitation
can increase the transition strength for the 2+1 level to
the experimental one. This model also predicts a consid-
erable contribution of neutrons in the excitation of this
level, though the neutron shell is closed for 90Zr. The sim-
ple schematic model of Brown and Madsen predicts a 0.67
value for the ratio Mn/Mp for the 2

+
1 level. It is seen from

fig. 7 that the contributions of the neutron excitations
are not weak and sometimes are even comparable to the
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proton contributions. However, the shapes of both contri-
butions are different across the board and, consequently,
all the analyzed excitations are far from isoscalar.
Earlier the model-dependent neutron transition den-

sity for the 2+1 level was extracted [21] in the description
of inelastic proton scattering at 500MeV. However, the
value obtained in [21] (Mn/Mp = 1.47) considerably de-
viates from ours. When we used the transition density
of [21] in our calculations, we overestimated the differen-
tial cross-section for this level. Besides, inelastic scattering
of 6Li ions was used [23] to extract the ratio Mn/Mp and
to test the transition densities of this level obtained from
open-shell random phase approximation (RPA) calcula-
tions. The value of Mn/Mp obtained in [23] is 0.85± 0.10
and in a special fit it is 0.72± 0.10, which agrees with our
value 0.66± 0.04.
The main difference of the experimental neutron tran-

sition density obtained in this work from the proton one
for the 2+1 level is the existence of a negative valley of large
amplitude in the vicinity of 2.5 fm. Certainly the reasons
for such a difference should be traced with the help of
predictions in the corresponding structure models. Thus,
quite effective seem transition densities predicted by a
quasiparticle RPA (QRPA) model with separable isoscalar
and isovector particle-hole interactions [25]. Some encour-
aging results of the difference between neutron and proton
densities obtained from QRPA calculations are reported
in [26] for the 2+1 and 3

−

1 states in
90Zr.

We have also analyzed the results of QRPA calcula-
tions of the neutron transition density for this level rep-
resented in paper [23]. In this work, the contribution of
every particle-hole configuration to the transition matrix
element Mn is tabulated. The main contribution to Mn

here is due to the configuration 1g9/2-2d5/2. The neutron
jumps from the closed shell 1g9/2 to the empty 2d5/2 one.
The theoretical contribution to Mn of this transition am-
mounts to 7.58 fm2. Only this configuration is used in our
calculations of the transition density for the 2+1 state pre-
sented in fig. 7. Its radial dependence agrees well with the
experimental neutron transition density we have obtained.
The different neutron particle-hole configurations that the
QRPA theory predicts considerably smooth out the neg-
ative minimum of the transition density in [23]. As a re-
sult our experimental neutron transition density for the
2+1 level is dominated by the transition 1g9/2-2d5/2 only
and contains contributions of other configurations with es-
sentially smaller amplitudes than predicted by the QRPA
theory.
The calculated neutron transition density for the 4+1

level from paper [19] is also shown in fig. 7. The experi-
mental transition density agrees well with the calculated
one. It follows that the QRPA model predicts the neutron
transition density for the 4+1 level that agrees with the
experiment.

4 Results and discussion

For the states of higher spin (6+ and 8+), as is seen in
fig. 7, the experimental proton transition densities mainly
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Fig. 8. Inelastic cross-sections for proton scattering from 90Zr
at 160 and 185MeV. The 2+

1 and 4+
1 levels. The circles are the

data from refs. [27,28]. The curves are microscopical folding
model calculations.

outmeasure the neutron ones. This could be taken to in-
dicate, according to [19], that these states retain some
“memory” of the naive picture of them as purely proton
excitations. As has already been stated, our analysis which
neglected coupled-channels effects could distort the fitted
neutron transition densities, first of all for the 8+1 state.
The high 8 spin can be combined with lower spins of this
multiplet in different ways. The 8+1 state is the weakest ex-
citation here. So we think that if the multistep excitations
are important there, they can influence the 8+1 level first of
all. For this reason the 8+ results shown in fig. 7 should be
considered as approximate. However, it is clear that here
unacceptable are both the collective interpretation and the
naive interpretation of this state as a state arising from
the re-coupling of two valence protons in the 1g9/2 orbit.
The most realistic seems to be the assessment [26] ac-

cording to which the neutron contribution to core polar-
ization in the 8+ transition is substantial, leading to a
neutron density of about 60% of the proton density.

5 Summary and conclusions

We have also tested the obtained neutron transition
densities at different energy of incident protons. In the
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experiment [27] protons of 160MeV were used in inelastic
excitation of the 4+1 level in

90Zr. And in experiment [28]
protons of 185MeV were used in inelastic excitation of
the 2+1 level. The calculated differential cross-sections for
these levels were compared with experiments in fig. 8. The
calculations were performed in the same manner as for
400MeV. The empirical effective interaction of Kelly was
used as a driven potential for this excitation [9]. As is seen
from the figure, the agreement between the theory and
experiment is satisfactory. This also confirms the neutron
transition densities we obtained for these levels.

The authors are grateful to J. Kelly for providing us with the
code LEA and to V.I. Kudriashov for the compilation of some
experimental data.
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